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Abstract
We give a short proof of Auslander’s formula relating the covariant and the contravariant
defect of a short exact sequence in a module category. An immediate consequence is the
classical Auslander–Reiten formula relating Ext and Hom.
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Let R be a k-algebra over some commutative ring k and consider the category
ModR of (right) R-modules. We fix an injective k-module I and denote by D =
Homk(−, I ) the corresponding functor Mod k → Mod k. Now let δ :0→A→B→
C → 0 be an exact sequence of R-modules. The covariant defect δ∗ and the contra-
variant defect δ∗ are defined by the exactness of the following sequences:
0 → HomR(C,−)→ HomR(B,−)→ HomR(A,−)→ δ∗ → 0,
0 → HomR(−, A)→ HomR(−, B)→ HomR(−, C)→ δ∗ → 0.
For a finitely presented R-module X having a projective presentation
P1 → P0 → X → 0
the transpose TrX of X is defined by the exactness of the following sequence of
Rop-modules
P ∗0 → P ∗1 → TrX → 0,
where P ∗ = HomR(P,R).
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Theorem (Auslander’s Defect Formula). Let δ : 0 → A→ B → C → 0 be an ex-
act sequence of R-modules and X be a finitely presented R-module. Then there is an
isomorphism
Dδ∗(X)∼= δ∗(D TrX),
which is functorial in δ and X.
To prove this formula we need the following lemma.
Lemma. Let A be an R-module and Y be an Rop-module. Then there is an isomor-
phism
D(A⊗R Y )∼=HomR(A,DY),
which is functorial in A and Y.
Proof. The functors D(−⊗R Y ) and HomR(−,DY ) are both left exact and take
coproducts to products. Moreover, they coincide on R. Taking a free presentation of
A, the assertion follows. 
Proof of the Theorem. We fix an exact sequence
δ : 0 → A φ→B ψ→C → 0.
A projective presentation
P1 → P0 → X → 0
of X induces the following commutative diagram with exact rows
A⊗R P ∗0 → A⊗R P ∗1 → A⊗R TrX → 0↓ 	 ↓ 	
0 → (X,A) → (P0, A) → (P1, A)
where (A,B) denotes HomR(A,B). Therefore δ induces the following commutative
diagram with exact rows and colums:
0 0 0
↓ ↓ ↓
0 → (X,A) → (P0, A) → (P1, A) → A⊗R TrX → 0
↓ ↓ ↓ ↓
0 → (X,B) → (P0, B) → (P1, B) → B ⊗R TrX → 0
↓ ↓ ↓ ↓
0 → (X,C) → (P0, C) → (P1, C) → C ⊗R TrX → 0
↓ ↓ ↓
0 0 0
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We obtain
Dδ∗(X) = D Coker HomR(X,ψ)∼=D Ker(φ ⊗R TrX),
∼=CokerD(φ ⊗R TrX),
∼=Coker HomR(φ,DTrX) = δ∗(DTrX),
where the first isomorphism follows from the snake lemma and the last isomorphism
follows from the preceding lemma. Thus Dδ∗(X)∼= δ∗(D TrX). To finish the proof,
we comment on the functoriality of this isomorphism. Observe that the construction
of Tr X is functorial up to maps factoring through a projective module. The duality D
sends projective modules to injective modules, which are killed by δ∗. We conclude
that any map X → X′ induces a well-defined map δ∗(DTrX)→ δ∗(DTrX′). 
Corollary (Auslander–Reiten Formula). Let C be an R-module and X be a finitely
presented R-module. Then there is an isomorphism
D HomR(X,C)∼=Ext1R(C,DTrX),
which is functorial in C and X.
Proof. Take for δ : 0 → A→ B → C → 0 an exact sequence with projective
B. Then δ∗(X) = HomR(X,C) is the quotient of HomR(X,C) modulo the sub-
group of all maps which factor through a projective R-module. On the other hand,
δ∗(D TrX) = Ext1R(C,D TrX). 
Corollary. Let A be an R-module and X be a finitely presented R-module. Then
there is an isomorphism
D Ext1R(X,A)∼=HomR(A,D TrX),
which is functorial in A and X.
Proof. Take for δ : 0 → A→ B → C → 0 an exact sequence with injective B.
Then δ∗(D TrX) = HomR(A,D TrX) is the quotient of HomR(A,D TrX) modulo
the subgroup of all maps which factor through an injective R-module. On the other
hand, δ∗(X) = Ext1R(X,A). 
It is also possible to derive Auslander’s Defect Formula from the Auslander–
Reiten Formula. To this end fix again an exact sequence
δ : 0 → A φ→B ψ→C → 0
of R-modules and a finitely presented R-module X. It is not hard to see that for
every R-module Y we have δ∗(Y )∼=Coker HomR(Y,ψ). On the other hand, δ∗(Y )∼=
Ker Ext1R(ψ, Y ). Combining this with the Auslander–Reiten Formula, we get
Dδ∗(X)∼=KerD HomR(X,ψ)∼=Ker Ext1R(ψ,D TrX)∼= δ∗(D TrX).
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Historical note
The Defect Formula appears for the first time as Theorem III.4.1 in Auslander’s
Philadelphia Notes [1]. The Auslander–Reiten Formula appeared at about the same
time as Proposition 3.1 in Auslander and Reiten’s classical paper on the existence of
almost split sequences [2]. More recently, both formulas are mentioned in the book
[3] of Auslander, Reiten, and Smalø (unfortunately however, without giving a proof).
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